The purpose of this note is to resolve some questions raised by Hunziker and Wallach. Wallach has given a beautiful, simple algebraic approach to the Springer representations. Hunziker and Wallach have given a conjectural reinterpretation of this result which depends on a computation of the Zuckerman functor. We do this calculation using the geometric interpretation of the Zuckerman functor due to Bernstein, which allows us to deduce the computation from a result of Hotta and Kashiwara. As a consequence we give an explicit connection between Wallach's construction of Weyl group representations and a construction due to Hotta and Kashiwara.
Since this note is rather short, we postpone notation and the statement of the main theorem (Theorem 1.2) to Section 1, where we also reduce 1.2 to a statement relating the Zuckerman and Bernstein induction functors. In section two, we verify this statement by using theorems of Beilinson, Bernstein-Lunts, and Pandzić [BL2, Pa] . We would like to thank Hunziker and Wallach for enlightening and encouraging conversations, Lunts for sending a preprint of [BL2] , and Milicić for informing me about Pandzić's thesis. We would also like to thank the referee for correcting an error in Section 1.9. In addition, we thank the University of California, San Diego for hospitality during part of the preparation of this paper.
in the sense that the differential of the H-action coincides with the induced action of h as a Lie subalgebra of D(g) under the adjoint action. Embed g inside D(g) using the adjoint action. This makes M into a (g, H) module. (g, G) denote the ith Zuckerman functor from (g, H) modules to (g, G) modules. HW, 5.2] ). We denote the sheaf of functions on a variety X by O X and for a map
is the usual pullback in the category of quasicoherent sheaves or its derived category extension. We denote the dimension of
Remark 1.3. M can be identified with the D(g) module denoted by M in [HW] by an easy calculation. Hunziker and Wallach proved Theorem 1.2 under the hypothesis that M is free for the opposite nilradical of b (see [HW] , 8.2 and 8.5). We prove 1.2 independently of this hypothesis. The proof will be given in the remainder of section one. [BL2] , [MV] ). Let X be a variety and A an algebraic group acting on X. Denote by D X the sheaf of algebraic differential operators on X and let D A (X) be the equivariant derived category of D X modules. Recall that a compatible (D X , A) module (meaning as before that the differential of the A action coincides with the action of a induced from the mapping a → vector fields on X) may be regarded as on object in D A (X) concentrated in degree 0. For an equivariant map f : Y → X the usual functors f + , f ! , f + , f ! extend to the equivariant derived category. Moreover, if N ⊂ A is a normal subgroup acting freely on X then the quotient map q : X → X/N induces an equivalence q
The equivariant derived category and the geometric induction functor ([BL1],
where p is projection onto the second factor, q is the obvious quotient map, and a is the action morphism. Here B acts on A×X by b·(y, x) = (yb −1 , bx). Then we have a geometric induction functor γ [MV] , e.g.). Proposition 1.5. Let H ⊂ K be reductive subgroups of G and let M be a compatible (D(g), H) module, which is by restriction a (g, H) module and also may be regarded as an object in
We will prove this theorem in Section 2. We return to the proof of Theorem 1.2. We must compute γ G H (M ). Observe that M is equivariant for the Borel subgroup B and may be regarded as an object in D B (g).
where q, q 1 , and q 2 are quotient maps and a 2 (g,
. But q 1+ q 1 + is the identity functor. To see this, let DR be the de Rham functor and observe that it suffices to prove DRq 1+ q 1 + F = DRF for any D G× B g complex F with regular singularities, or equivalently q 1 * q 1 * F = F for any constructible sheaf. This follows from the projection formula and the fact that q 1 is a fiber bundle with vector space fibers. Thus, γ [MV] , [Mi] and others for analogous calculations.) Consider the Cartesian diagram
We will replace M by its localization, the 
. Then using Lemma 1.6, we obtain (1.7.1)
) is a holonomic D g module equal to the minimal extension of its restriction to the regular set and
Hotta and Kashiwara do their calculation in D(g), but it is easy to check that their argument is also valid in D G (g).
The proof of 1.2 now follows from 1.5, 1.7.1, and 1.8. [HW] ). Moreover, R(h) is a D(h) module using the obvious action, and R(h) also has a W action given by the W action on h. In [Wa] , it is shown that as a (
Denote the
We wish to relate the modules N χ to the δ * V χ . In Section 7 of [HW] , it is shown that as
by the sign involution (this observation and the ensuing argument are essentially due to the referee). The claim can be established by comparing the two modules on the set of regular semisimple elements g reg , since N is given by extending N | greg in a canonical way [Lu] and the functor Mod(D(g) G ) → Mod(D(g)) given by tensoring takes irreducibles to irreducibles [HW] . We can identify N | greg = O(G × H h reg ), where h reg is the set of elements in h not perpindicular to any root. It follows that (N | greg )
G ∼ = R(h reg ). This is an isomorphism of D(g reg ) G modules where the
The D(g reg ) structure used in [HW] on R(h reg ) is the conjugation of the above structure by π, the product of all positive roots with respect to an ordering. (D(g reg ) G , W ) modules. Since the G action on N commutes with the W action, it follows that
It follows that the map (N
The claim of the previous paragraph implies that (N χ ) G ∼ = V χ⊗sgn . This amounts to Theorem 8.8 in [HW] , which was proved there under the freeness assumption discussed in 1.3.
Moreover, we obtain an explicit connection between the classification of Weyl group representations given in [Wa] and the classification of Weyl group representations implicit in [HK] . Indeed, the Fourier transform
is an irreducible D(g)-module supported on the nilpotent cone ( [HK, 5.3] ), so is determined by a nilpotent orbit with a local system. Thus, we have proved the following result, which is essentially proven for trivial local systems in [Wa] . 
Compatability of the Zuckerman functor with geometric induction.
In this section, we prove Proposition 1.5 by using results of Beilinson, Bernstein-Lunts, and Pandzić. Presumably a less technical proof can be given by explicit calculation of the Bernstein functor.
The homotopy category of equivariant modules.
This section is a summary of results from [BL2] . Let (A, K) be a Harish-Chandra pair. This means that A is an associative C algebra with 1 and K is an algebraic group acting on A by σ : K → Aut(A) and we are also given an embedding
A weak (A, K)-module M is a vector space with an algebraic representation ρ : K → Aut(M ) and an algebra representation α : 
this equivalence is given by the obvious identification.
Since the global section functor induces an equivalence
, we obtain the following corollary. [Pa] . Assume K is reductive and let H ⊂ K be a reductive subgroup. Then (A, H) is also a Harish-Chandra pair.
Induction in D
Theorem 2.5 [Pa] . There is an algebraic induction functor Γ 
We briefly describe the construction of the induction functor. It is defined as the derived functor of an induction functor H) is equivalent to the category of differential graded modules for a differential graded algebra [Gi, BL2] . Indeed, consider the differential graded Lie algebra h, where h 0 = h as a Lie algebra, h 
